Abstract-We construct a method of time warping in quasiperiodic time series analysis using genetic algorithm in order to extract the instantaneous phase difference between a template signal and a testing signal. Contrast to previous studies, which involves correlation estimations to determine the shape similarity of two signals taken from the quasiperiodic time series, time warping perform the comparison of the two signals by first constructing a discrete set of M points formed from uniformly sampled values of the template signal f(t). The discrete set of sample values of the testing signal, g(t ), which contains N points, will be interpolated to form a continuous function so that the difference between the template signal at those M points and the corresponding testing signals are minimize to best preserve the mapping of the two signals. The result of this optimization procedure produces a phase shift function that relates the time t in the testing signal to the time t in the template signal. Due to the numerous choices in the partitioning of the time domain of the two signals, genetic algorithm is found to be effective in extracting this phase shift function. We apply this theoretical tool of time warping using genetic algorithm to analyze the electrocardiographic (ECG) signals, with the aim to investigate if central apneic and obstructive apneic episodes can be differentiated from non-apneic episodes. Detailed statistical analysis of the phase shift from real ECG data of sleep apnea patient indicates that the difference of both magnitude and phase of the signals can be used to differentiate apneic events from nonapneic events.
Abstract-We construct a method of time warping in quasiperiodic time series analysis using genetic algorithm in order to extract the instantaneous phase difference between a template signal and a testing signal. Contrast to previous studies, which involves correlation estimations to determine the shape similarity of two signals taken from the quasiperiodic time series, time warping perform the comparison of the two signals by first constructing a discrete set of M points formed from uniformly sampled values of the template signal f(t). The discrete set of sample values of the testing signal, g(t ), which contains N points, will be interpolated to form a continuous function so that the difference between the template signal at those M points and the corresponding testing signals are minimize to best preserve the mapping of the two signals. The result of this optimization procedure produces a phase shift function that relates the time t in the testing signal to the time t in the template signal. Due to the numerous choices in the partitioning of the time domain of the two signals, genetic algorithm is found to be effective in extracting this phase shift function. We apply this theoretical tool of time warping using genetic algorithm to analyze the electrocardiographic (ECG) signals, with the aim to investigate if central apneic and obstructive apneic episodes can be differentiated from non-apneic episodes. Detailed statistical analysis of the phase shift from real ECG data of sleep apnea patient indicates that the difference of both magnitude and phase of the signals can be used to differentiate apneic events from nonapneic events.
I. INTRODUCTION
The analysis of quasiperiodic time series is of great importance in a variety of fields such as biomedical science [1] - [3] , image processing [4] , climatology [5] and finance [6] , [7] . Frequency-domain algorithms have been extensively developed for the analysis of quasi-periodic signals, with wavelet transform [8] and Hilbert-Huang transform [9] being the prime examples that are frequently utilized by researchers. An alternative method is to perform the analysis of the time series in the time-domain. In this regard, Dynamic Time Warping (DTW) [10] , for example, is a similarity measure [6] , [11] which accommodates signals that are similar, but locally out of phase, by using non-linear alignments between two time series. This method has often been used as a similarity measure to classify time series [12] , and is quite useful in the study of the relative phase relations between two time series similar in shape [4] . According to Syeda-Mahmood, Beymer and Wang [12] , the ECG records of patients having the same type of cardiovascular diseases are often similar in shape, but often out of phase. Therefore DTW becomes an important tool for the study of sleep apnea. However, the performance of DTW depends on the many parameters that are often counterintuitively small and problem dependent [13] , thereby limiting its use in practice. In order to overcome this limitation of DTW, we propose in this paper a genetic algorithm to perform the nonlinear alignment and we call this method time warping using genetic algorithm or TWGA.
The successful application of genetic algorithm (GA) has been demonstrated in fields such as biology [14] - [16] , clusters [17] - [19] and glass transition [20] in condensed matter physics. In engineering, genetic algorithm has also been used with good results in problems such as cyclicsteam oil production optimization problem [21] , speed control of brushless DC motor [22] , airport scheduling [23] , mobile robot motion control [24] , modeling adaptive agents in stock markets [25] , [26] , portfolio management [27] and traveling salesman problem [28] . GA has also been applied to optimize the parameters for DTW [29] .
Different variants of DTW algorithms have been applied in the detection and classification of abnormal episodes in ECG records that may or may not belong to patients with cardiovascular diseases [12] , [30] - [32] , but mostly has one focused on the residual error [12] , which is the difference in signal magnitude after alignment, and rarely has studied the phase shifts in ECG records. In this work we introduce a Time Warping Genetic Algorithm (TWGA), with application in the investigation of instantaneous phase differences between two electrocardiographic signal (ECG) signals for sleep apnea patients.
The time series of ECG signals consist of sequence of pulses. For an electrocardiographic signal (ECG), a quasiperiod, or a cardiac cycle, as shown in Fig.1 , is comprised of a p-wave, a QRS complex and a t-wave corresponding to atrial depolarization, ventricular depolarization and ventricular repolarization respectively [12] , [33] .
As a demonstration, an example is given in Fig.2 showing the mapping function between two consecutive quasi-periods. In this example, the boundaries are defined to be the peak positions of the P-waves. The ECG data are obtained from MIT-BIH Polysomnographic Database [34] which can be accessed through http://physionet.org [35] . We mainly focus on the record slp60. Position of the P-waves can be extracted Fig. 1 . An example of a quasi-period of ECG signal extracted from slp60 record . P and T denote the P-wave and T-wave. QRS denotes the QRScomplex.
with ecgpuwave from PhysioToolkit library [35] . The sampling rate for ECG is 250Hz and the sleeping stage is recorded in the annotation files every 30 seconds. We will focus on the normal episodes(NE), central apneic (CA) and obstructive apneic (OA) episodes during sleep stage 1 of slp60.
The paper is organized into the several sections. We first define the problem of shape similarity measure in section II. We then introduce Time Warping Genetic Algorithm (TWGA) in section III and apply this method to ECG signals in section IV. The results along with detailed statistical analysis and hypothesis testing are in section V. We end the paper with a discussion of the possible application and future research of TWGA to medical time series as well as other fields in the last section.
II. PROBLEM FORMULATION: SHAPE SIMILARITY
In the application of classification, given two signals F (t) and G(t ), where t ∈ [0, T 1 ] and t ∈ [0, T 2 ]. The signals were rescaled so that the maximum and minimum are 1 and 0:
The variables of t and t are related by a function τ :
where τ is some function given by τ = arg min
In the analysis of real data, we consider a uniform sampling of the template signal f (t) at M + 2 points at t i , i = 0, 1, . . . , M +1. The testing signal g(t ) is also uniformly sampled at N +2 points with equal spacing: t j , j = 0, 1, . . . , N +1. The discrete version of τ (t) is then defined by where
The time mappings τ i are defined to be the set of mappings τ i that minimizes the absolute difference between sampled values of f i and interpolated valuesĝ i . We illustrate the {τ i } with an example. Consider F (t) = 3 sin(2t) and G(t ) = sin(t ) in Fig.3 , such that t ∈ [0, π] and t ∈ [0, 2π]. Suppose we choose M = 3 so that the interval between each sampling for f is Δt = t i+1 −t i = π/4. We then have M + 2 = 5 samples are collected and normalized for f : Fig. 3 . An example illustrating the formulation of time mapping problem. The functions f (t) and g(t ) are the normalized functions of F (t) = 3 sin(2t) and G(t ) = sin(t ) respectively. The blue dots and red square markers represent the sampled values obtained at fixed time intervals of f (t) and g(t ) respectively.
Similarly, if we choose N=7, we have N + 2 = 9 samples for g. Note that T 1 and T 2 are π and 2π. By (4), we obtain {τ i } = {0, π/2, π, 3π/2, 2π} for i = 0, 1, 2, 3, 4, thus recovering the time mapping to be a uniform scaling by a factor of 2. We will use this definition for time warping to analyze the pulses in ECG time series.
III. TIME WARPING GENETIC ALGORITHM
Genetic algorithm (GA) is a heuristic searching method, inspired by natural selection in evolutionary theory. It is quite useful for optimization problems that involve a large solution space. A population of N p proposed solutions defined by different parameters is introduced, with each proposed solution defined as a chromosome with the parameters as encoded genes. These genes consist of loci and the phenotypes are expressed through the fitness function, which is the objective function of the optimization problem. Initially, a population of chromosomes is generated randomly and evolution of this population is driven mainly by elitism, which keeps the fittest individual chromosomes to the next generation. The change in the gene pool is generated through crossover and mutation. Crossover is used for exploration in the search for higher fitness and mutation is responsible for exploitation. In this section, we will introduce a type of GA that preserves the order of loci in the chromosome while maximizing the fitness function.
A. Solution Representation
Usually GA employs binary number to represent a solution. However, for optimization with real numbers, such as our time warping problem, the use of real numbers to represent solutions will be more efficient. In our work, every chromosome has M loci, and each locus is a real number τ i . To initialize a chromosome, we generate M random floating points numbers between 0 and T 2 with uniform distribution. Then the numbers are reordered in ascending order. The initial population has N p chromosomes. Using the previous example where F (t) = 3 sin(2t) and G(t) = sin(t), every 
B. Fitness Function
The fitness function of a chromosome l is defined to be the inverse of the summation of the absolute difference between f (t i ) and g(τ i ):
Other metrics, such as absolute norm, can also be used. By maximizing F l we obtain the time mappings between two functions f and g which satisfy shape similarity in (4). For our example involving the sine functions, the value of fitness for chromosome l can be calculated by
C. Parent Selection
Based on the idea of natural selection, chromosomes with higher fitness would have a higher probability to pass down their genetic material to the next generation. In our algorithm, every chromosome in the population is ranked so that F i ≥ F j for i ≤ j. The parents are selected from the fittest N p − N r chromosomes to produce N r offspring chromosomes which replace chromosomes with low fitness. For the selection of each parent, the probability P l for chromosome l to be chosen is:
D. Crossover Operation
We use single-point crossover operation in this work. Suppose the two parent chromosomes candidates are for i ≥ c. The loci in both offspring chromosomes will then be sorted and reordered in ascending order to make sure that e i ≤ e j and k i ≤ k j whenever i < j. An example is given in Fig.4 . The offspring chromosomes produced then replace the weakest N r chromosomes in the population.
E. Mutation Operation
In our algorithm, the chromosome with largest fitness value in the population will not be mutated. In chromosome l, the locus l i has a probability P m to mutate. The locus to be mutated will take a different value x between the values at l i−1 and l i+1 with uniform probability. If i = 1, the lower bound would be set to zero instead since that is the beginning position of a chromosome gene. Similarly, the upper bound of l i is T 2 if i = M . An example is given in Fig.5 .
F. Iteration
In each generation of the genetic algorithm, crossover operations and mutation operations will be performed on the population. The whole process is then iterated to search for the best solution. The iteration is terminated when a fixed number of generation is reached.
IV. APPLICATION
In this section, we will describe how to apply our proposed genetic algorithm on ECG signals of sleep apnea patients.
Again, the ECG data are obtained from MIT-BIH Polysomnographic Database [34] which can be accessed through http://physionet.org [35] . We mainly focus on the record slp60 in the database. Here, the start and end of a quasi-period are determined by consecutive positions of Rpeaks and positions of R-peaks are provided by the database. The sampling rate for ECG is 250Hz. The whole ECG time series is divided into 30-sec segments, and every segment has an associated sleeping stage (1, 2, 3, 4, REM or being awake), provided by the database. Also, every 30-sec segment is labelled as normal episode (NE), central apneic (CA) and obstructive apneic (OA) episodes, etc. We will focus on the NE, CA and OA episodes during sleep stage 1 of slp60. We denote the set of quasi-periods of ECG signals during NE (CA, or OA) episodes by S NE (S CA , S OA ), respectively.
A. Data preprocessing and preparation
An ideal low-pass filter is applied with the cut-off frequency selected to be (0.35)(250) = 87.5Hz. In our analysis, F (t) and G(t ) can be any signals from S NE , S CA or S OA . Before applying time warping, the signals F (t) and G(t ) are rescaled so that the maximum and minimum of the rescaled voltage signals f (t) and g(t ) are 1 and 0.
B. Time Warping
The time mapping τ (t i ) is obtained using the methodology described in section III. Linear regression is carried out for τ (t i ) against t i to obtain the slope m and r 2 where r is the correlation coefficient. Both τ (t i ) and t i are then normalized to be τ (t i ) and t i so that the values range from 0 to 1. The observable q 2 , which is the linear deviation from straight line with unit slope, is defined as
where M is the length of chromosome. The value of M depends on the number of sampled points in signal F (t). For a quasiperiod in the ECG signal for slp60, M is around 200 since the sampling rate is 250Hz and we are mapping all the sampled points, except for the F (t 0 ) and F (T 1 ), to G(t ). We group the time mappings τ (t i ) in the following fashion: Suppose F (t) is drawn from set S X and G(t ) is drawn from set S Y , where X and Y are NE, OA or CA, we denote the set of time mappings τ (t i ) between F (t) and G(t ) to be (X-Y).
Because both X and Y can be NE, OA or CA, we have nine sets of time mappings. Since sets of time mappings such as (NE-OA), (OA-NE) contain essentially the same information, we subtract three redundant sets of time mappings from the nine sets of time mappings to get six distinct sets of time mappings, consisting of the "intra-set" with three members: (NE-NE), (OA-OA) and (CA-CA) and the "inter-set" with three members: (NE-OA), (NE-CA) and (OA-CA).
As for the parameters in our TWGA, we set the population size in each generation to be N p = 100 and the number of chromosomes replaced in each generation to be N r = 50. The mutation probability for each locus is P m = 0.02 and the iteration is terminated at 1000th generation for the search of each time mapping. For each set of time mappings (X-Y), we randomly select one sample F (t) from S X and one sample G(t ) from S Y and obtain the time mapping between F (t) and G(t ) using TWGA. We then repeat this process for 1000 times to obtain a distribution of time mappings in (X-Y). Therefore, a distribution of r 2 and q 2 is collected for each set of time mappings (X-Y), such that r 2 is the coefficient of determination from linear regression of and q 2 is the linear deviation as defined in (7).
C. Statistical Analysis
We would like to investigate if there exist differences with statistical significance in the distribution of observables obtained from different sets of time mappings. Kruskal-Wallis H test [36] is a non-parametric statistical test used to determine if the population median of all groups are the same. [37] is applied for pairwise post hoc testing to determine which of the groups are different from the rest of the population, as observed by Kruskal-Wallis H test. Since type I error, which is the false rejection of a null hypothesis, increases under this algorithm for multiple comparison, the critical p-value for Mann-Whitney U test is modified by Bonferroni correction [38] , which states that α should be divided by C h 2 , which is the number of possible pairs among the groups, if we are testing for h groups.
We denote the distribution of linear deviation q 2 from the time mappings in set (X-Y) by P X−Y (q 2 ). Similarly, the distribution of coefficient of determination r 2 from the time mappings in set (X-Y) is denoted by P X−Y (r 2 ). KruskalWallis H Test is applied on both types of distribution.
V. RESULTS
Signals F (t) and G(t ) were drawn from the three sets of signals that occurs during sleep stage 1: normal (S NE ), obstructive apnea (S OA ) and central apnea (S CA ). We are interested in obtaining the distributions of two variables: P X−Y (r 2 ) and P X−Y (q 2 ). The coefficient of determination r 2 from linear interpolation of the time mapping function is the simply the square of correlation coefficient. The symbol q 2 denotes linear deviation, define in (7) as deviation of the τ i value from t i .
Kruskal-Wallis test is applied on the distributions P X−Y (q 2 ). The results are tabulated in Table I which shows that Kruskal-Wallis H Test supports the alternative hypothesis H 1 for the distribution of linear deviation. It follows that for P X−Y (q 2 ) there is at least one group with a population median different from the rest of the groups with statistical significance at confidence level α = 0.05 as the P-value is less than α. Alternatively, since the value of the test statistics, or the H-value, is larger that the critical value H c = 11.07 corresponding to α = 0.05, the null hypothesis is rejected. Similarly, Kruskal-Wallis H Test is also applied on the distributions P X−Y (r 2 ), and the test supports the alternative hypothesis H 1 that for P X−Y (r 2 ) there is at least one group with a population median different from the rest of the groups with statistical significance at confidence level α = 0.05.
We therefore proceed to carry out post hoc test for both linear deviation q 2 and coefficient of determination r 2 . Because we have 6 sets of time mappings corresponding to 6 explanatory variables, there are altogether fifteen cases for pairwise testing considering that the pair (X 1 -Y 1 ) and (X 2 - Table II . The P-value has to be less than the adjusted value of α = 0.0033 by Bonferroni correction for statistical significant deviations. From the table, case 6:(OA-OA) with (CA-CA), case 7:(OA-OA) with (NE-OA), case 8:(OA-OA) with (NE-CA) and case 9:(OA-OA) with (CA-OA) show statistically significant differences in sample medians. This indicates the phase shift between intra-set time mappings of signals extracted from OA episodes is different not only from that obtained in intra-set time mappings obtained during CA episodes but also from that obtained in all inter-set time mappings. Intra-set time mappings (X-X) including (NE-NE), (OA-OA) and (CA-CA) refers to comparing two signals drawn from the same set S X ; whereas inter-set time mappings (X-Y) such as (NE-OA), (NE-CA) and (OA-CA) refers to comparing a signal in set S X with another signal in a different set S Y .
On the other hand, since Kruskal-Wallis H test also rejects H 0 for P X−Y (r 2 ), Mann-Whitney U Test is again carried out as a post hoc test. The results are shown in Table III . Similar to the analysis of q 2 , case 1 shows no statistical dominance over the whole population. The distribution of r 2 during OA episodes shows no statistically significant deviation in order to better understand the instantaneous local changes in a quasi-period. This allows TWGA to be utilized as a tool to observe the variation of phase shift as a dynamic process. Furthermore, the information of local phase shifts obtained by TWGA can be useful in embedding of time-series in the phase space. A limitation of this algorithm involves the fluctuation of signal strength as mentioned in section V. A possible remedy would be to use some non-constant scaling functions to normalize signal F and G instead of using a fixed scale factor. Another approach is to study different components of one quasi-period (such as either p-wave, QRS complex or T-wave in an ECG signal) seperately [33] . Alternatively, we can use the difference of derivatives of the testing signal and reference signal instead of the difference in magnitude [39] , [40] . Since this requires the first derivative of the functions to be continuous, linear interpolation described in section III should be replaced by cubic spline interpolation.
VII. CONCLUSION
In this paper, we have developed a novel algorithm for shape matching across different signals in the time domain with genetic algorithm(TWGA). TWGA can be used to more accurately study the phase shift in a quasiperiodic function. In particular, we apply the algorithm on the ECG signals of a sleep apnea patient and collect statistical data for analysis. We show that the distribution of phase-related variables obtained during obstructive apneic epsodes (OA) is different from that obtained during central apneic (CA) and normal episodes (NE). ACKNOWLEDGMENT K. Y. Szeto acknowledges the support of grant FS-GRF13SC25 and FSGRF14SC28.
